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ABSTRACT 
The “Friendship Theorem” states that, in a party of m persons, if every pair 
of persons has exactly one common friend, then there is someone in the party 
who is everyone else’s friend. (It is assumed that “friendship” is a symmetric, 
irreflexive relation). 
This theorem has been proved by ERD~S, R~~NYI and S&J; by G. HIQMAN, and 
by WILF. Each of these proofs has relied, at some point, on sophisticated mathematics, 
and WILF has stated that no wholly elementary proof is known. 
The purpose of this note is to give an elementary graph theoretic proof in which 
the key step is a simple counting argument due to BALL. 
The Friendship Theorem is then applied to obtain a recent result of RYSER on 
intersections of finite sets. 
The Friendship Theorem acquired its charming name sometime after 
it was proved by ERD~S, RI~NYI and S6s. (Names in capital letters refer 
to papers listed below as references.) We restate the theorem in the lan- 
guage of graph theory. 
Let the persons be numbered, 1, 2, . .., n, where n > 1. Define a graph G 
(undirected, with no loops or multiple edges) having vertex set V= 
={l, 2, . ..) YZ,} and edge set E define by (i, i} E E if and only if i and i 
are friends. We write i N i (“i is adjacent to i”) if {i, i} E E. It is con- 
venient to let O(i) denote the set of all vertices adjacent to vertex i in G, 
and B(i) = Id(i)1 d enote the valence of i in G. The “friendship condition” is 
(3’) if i #i, there exists a unique vertex lc 
adjacent to both i and i in G 
and the theorem is 
THEOREM 1: If G satisfies (H), then G has a vertex of valence n - 1. 
Henceforth we assume G satisfies (P), and for vertices i +i we define 
i *i to be that unique vertex k given by (F). 
PROOF OF THEOREM 1. We establish the theorem by proving three 
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lemmas. First we note that, since every pair of vertices i #i is joined by 
a unique path i, i * i, i of length two, 
(1) G is connected 
(2) G contains no quadrilaterals 
(3) each edge {i, i} E E is in a unique triangle. 
(Here a quadrilateral is a set of four distinct vertices i, i, k, 1 such that 
i-j, j- I%, k-1 and 1-i. A triangle is defined similarly.) 
Let i E V. If x E O(i), we call x and i * x “i-mates”. Since i, x, and 
i * x are mutually adjacent, we have i * x E d(i) and i * (i * x) =x. Thus 
O(i) partitions into a union of pairs {z, i * X> of i-mates, each forming 
a triangle i, x, i * x with i. Clearly, every triangle containing i is of this 
form, so we conclude 
(4) every vertex i has even valence 6(i), and is in exactly B(i)/2 trian- 
gles, each containing a pair of i-mates. 
Let {z, y, z> be a triangle of G, and let A =d (x)\(y, x}, B =O(y)\{x, x>, 
c=44\(4 Y>. s ince G has no quadrilaterals, we conclude 
(5) A, B, C are mutually disjoint and no vertex of A is adjacent to 
a vertex of (y, z) u B u C. No vertex of B (respectively, C) is adjacent 
to a vertex of (x, z> u A u C ({x, y} u A u B). 
Let D contain those vertices not in A u B u C u {x, y, z>. Then we 
have partitioned the vertex set P into VT= {z, y, z> U A U B U 0 U D, 
where some of these sets might be empty. 
This partition may be pictured as in fig. 1 below, where we have sup- 
pressed any edges which lie entirely within one of the sets A, B, C, D 
or which join a vertex of D to a vertex of A, B, or C. 
LEMMA 1: If G has a vertex of valence 2, then G has a vertex of 
valence n - 1. 
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PROOF : Let x E V obey 6(x) =2. Let A(x) = {y, z}. By (4), {x, y, x> is 
a triangle of G; and in fig. 1, A = @. If d E D, then we would have d * x E 
E {y, z), whence d - y or d N z, which is impossible. Thus D=@. Suppose 
B&#C. Let bE.Z? and cEC. Then b *c-b and b*c-c, so by (5), 
b * c 6 (x, z> u C u (x, y> u B= I’, a contradiction. If B= Ca, then O(x) = 
t;rief))aC= V\(z) so B(z) =n- 1. S imilarly if C = 0, 8(y) = n - 1, proving 
LEMMA 2: If G has no vertex of valence 2, then G is regular of even 
valence 6~4, and n=@--661. 
PROOp : Suppose G has no vertex of valence 2. Let x E ‘CT. Since n> 1, 
choose i +x in V. Then x pi *x, so d(x) #@. Let y -x and Z=X *y. 
Then (x, y, .z} is a triangle of G, and in fig. 1, A, B, C are nonempty. 
IfaEA andcEC, thena#cby(5), and since a * c N a and c: (5) implies 
a~c~(y,x)uBuCu{x,y}uAuB, so arced. The mapping f: 
A x C -+ D defined by f(a, c)=a * c is onto, for if d E D, then clearly 
d *xEA and d *xgC and (d *x) *(d *x)=d. If al *cr=d=as *cs, 
then al = as else (d, al, x, aa} would be a quadrilateral, and similarly cl =CZ. 
Thus f is a bijection, so IDI = IAl. ICI. Similarly, /DI = IAl - IBI= [BI. ICI, 
whence IAl = IBI = ICI, so d(x)=IAl+2=IBI+2=8(y). Thus x-y implies 
S(x) = 6(y), so by (l), G is regular of valence 8, where by (4) 6 is even and 
by hypothesis, 6>2 so 624. 
Then n=IV~=~(x,y,x}~+IA~+~BI+ICI+~DI=3+3~I~~+IAl~l~l=3~ 
+ 3(6 - 2) + (6 - 2)2= 62 - 8 + 1, and the lemma is proved. 
LEMMA 3: G is not regular of valence 6> 2. 
PROOF : Suppose G regular of valence 8> 2. Then G has no vertex of 
valence 2, so by Lemma 2, 6 is even, 8 2 4, n= P- 6 + 1. 
For each positive integer E, let D(k) be the set of all ordered I%-tuples 
(Xl, x2, . . . . xk) of vertices of G such that xi N xi+1 for i = 1, 2, . . . , k- 1. 
Let C(k) = ((xi, x2, . . . . xk) E D(k)Ixk N xi), and S(k) = ((xi, x2, . . . . xk) E 
E D(k)jxk=xr}. Let U(k)=D(k)\X(k). We prove that 
(6) for 7~22, IQ(k)\ E 1 modulo 6-l. 
First, n=6(S-- 1)+ 1 z 1 E 6, module 6-- 1. Clearly, /D(k)/ =n.cF-l = 1 
for all positive integers k. 
The correspondence <xl, x2, . . ., xk, xa+1) -+ (xl, x2, . . ., xk) maps C(I%+ 1) 
onto D(k). Indeed, each (xi, XZ, . . . . xr) in U(k) is the image of the unique 
element (xl, x2, . . . , xk, x1 * x,t) of C(k+ l), while each (xl, x2, . .., x&-l, xl) 
in S(E) is the image of the 6 elements (x1, ~2, . . ., XK-1, xi, y} for y E A(x1). 
Thus IC(k+l)j=6.]S(k)[ +IU(lc)l E IX(k)[+IU(k)I=~D(k)~ 3 1, modulo 
a-- 1. (Note that this argument remains valid in the cases k= 1, where 
U(1) is empty; and k=2, where X(2) is empty.) 
Since 6 - 12 3 and B - 1 is odd, we may choose an odd prime p dividing 
d-- 1. By (6), Q(P) is nonempty. The mapping z: C(p) -+ C(p) defined by 
Z((Xl, x2, a.., ~p>)=<~z, x3, **a, x,, xi) obeys zp= I, the identity map, and 
so n is a bijection. Suppose that for some integers E, 1 with p > k> E>= 0 
we had +((xI, x2, . . ., xP)) =&((xi, x2, . .., xP)). Then &I((x~, x2, . . ., xP)) = 
=(x1, x2, a**, xP), and choosing s such that (Ic-Z)s = 1 (mod p), we would 
have 
($2, x3, ..*, xp, x1)=n((x1, x2, . ..) xp))=n'"-~'"((x~, x2, . ..) xp))= 
=(x1, x2, *.a, xp), 
whence xi =x2 and xi N x2, so xi N xi, a contradiction. Thus (xi, x2, . . . , zp), 
n((xi, x2, . . . , x,)), . . ., np-i((xi, x2, . . ., xP)) are all distinct. 
The equivalence relation, (xi, x2, . .., xP) = (yi, yz, . . . . yP) if and only 
if for some positive integer k, zk((~l, x2, . . . . xP)) = (yi, 2~2, . . . . yP>, thus 
splits C(p) into classes of p elements each, so IQ(p)] = 0 (mod p). But p 
divides 6-- 1, so from (6) we have [C(p)] = 1 (mod p), a contradiction. 
Thus G is not regular of valence 6> 2. 
Theorem 1 follows immediately from Lemmas 1, 2, and 3, and it implies 
using properties (4) and (3) : 
COROLLARY 1 (ERD~s, RBNYI AND MS): If G satisfies (a), then 
n = 2m + 1 is odd and G is composed of m triangles joined at a common 
vertex. 
That is, the “friendship condition” implies that there is a ‘<host” 2 
who has invited m couples Xi, Yf to a “get acquainted party”, where 
any given couple know only each other and the host. 
REMARK : Lemmas 1 and 2 imply that G must either be the graph 
of fig. 2 or be regular of valence B where n= 6(6 - 1) + 1. This same con- 
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elusion follows immediately from a theorem of DE BRUIJN and ERD&, 
as was pointed out to us by Professor de Bruijn. The counting argument 
of Lemma 3 is a simplified version of one due to BALL (pages 932-934). 
The Friendship Theorem may be applied to deduce a recent result 
of RYSER. 
THEOREM 2 (RYSER): Let n>= 3 and TI, Ts, . . . , T, be finite sets 
obeying the three conditions 
(a) each element of TI U Tz u . . . u T, occurs in at least two of the sets 
TI, Tz, . . . , T, 
(b) if i +i, then Ti n Tj contains at most one element 
(c) if i #;i, then there is exactly one k such that k #i, k #j and Tk 
intersects both Ti and Ti. 
Then it follows that n = 2m + 1 is odd and, apart from the labeling of 
sets and elements, there are exactly m+ 1 such families T1, Ts, . . . . T,. 
The unique family with the minimal number of elements is 
{l}, (2}, ***, {m>, 
(l}, {2), -.., (4. 
(1, 2, . ..) m}. 
PROOF: Define a graph G with vertices 1,2, . . ., n and edges (i, i) E E(G) 
if and only if Tt n Tj ~0. Condition (c) is then the “friendship condition” 
(F), so by Corollary 1, n= 2m+ 1 for some positive integer m, and we 
may rename the sets as 2, Xi, Yi, . . . . X,, Y, so that they intersect in 
pairs as shown in fig. 2. That is, 
(7) for 1 li dm, 2 n XZ, 2 n Yg, and Xi n Yi each consist of a single 
element, and 
(8) for i #i, (Xi u Yi) n (Xj u Yj) =8, and in particular 
[Z n (Xz u Yi)] n (Xf u Yj) =@ 
For 1 ~iSrn; let 2% = 2 n (Xi u Yi). It is clear from conditions (a) 
and (b), and from (S), that 
(9) 2=21u22u . . . uz,, and i #fi implies 26 n .Zj = 0 and 
(10) X, n 2=X, n .Z$ and Y, n Z= Yi n Zi. 
If Xi had three elements, by (b) at least one of these would not be 
in 2 or Y,, and hence, by (8), not in any other set, violating (a). Thus Xi, 
and similarly each of Yi and &, has at most two elements. There are 
two possibilities, for a given i, namely: 
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CASE 1: Zt= {ei} has just one element. By (7) and (S), ei E Xz n Yz. 
Suppose t E Xi and t #e+ By (b), t $ Yg, and by (8), t is in no set but X6, 
violating (a..). We conclude X8= (es>, and similarly Yt= (Q}. 
CASE 2: Zi= (sg, tf} has two elements. Say Zi n Xt = (si). By (S), (cc) 
and (b), we must have TV E Yg so ,536 n Yi = (ti]. Let Xi n Yi = (ui}. Then 
U( $ Zi (else si =ui=ti), so Xt = {SZ, u#> and YZ = @, u(}. 
We conclude that, for each i with 15 i Im, either there exists a single 
element et with {et} = XZ = Yi = 26, or else there exist three distinct elements 
q, TV, uz such that 2, = {si, ti}, Xi= {si, ut), and Yi= {tg, of}. By (8) and (9), 
we see that the structure of the family of sets (up to a relabeling of sets 
and elements) is determined by the number q of indices i such that 2, 
contains exactly one element. 
When q=m, we obtain the unique family with the fewest elements, 
stated in Theorem 2. 
When q=O, we obtain the unique family with the most elements, 
namely 
2 = {a h, * * -, Gn, h?%} 
Xi = (sf, uf}, Yt = {tt, ug} for i = 1, . . . , m. 
And for 0 <q< m, we obtain the family 
Z={el, . . . . eq, sq+l, tq+l, . . . . s 112, kn} 
Xt={ei}= Yi for ldisq 
XZ={% Ut}, Yz={tt, ug} for q+l~i~m. 
This concludes the proof of Theorem 2. 
Pennsylvania State University 
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